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The zeros of the Meixner polynomial m,(x; f, ¢) are real, distinct, and lie in
(0, 0). Let «a,, ; denote the sth zero of m,(n«; f, ¢), counted from the right; and let
«, s denote the sth zero of m,(n«; f, ¢), counted from the left. For each fixed s,
asymptotic formulas are obtained for both a,, ;and &, ;,as7n — 00.  © 1999 Academic Press

1. INTRODUCTION

One of the major topics in the study of orthogonal polynomials is
investigating the properties of their zeros. While a considerable amount of
literature already exists on the zeros of classical orthogonal polynomials of
Hermite, Laguerre, and Jacobi (see, e.g., [ 12]), not much is known about
the zeros of the non-classical polynomials such as Charlier C'“(x), Meixner
m,(x; B, ¢), Pollaczek P,(a, b; x), and Meixner—Pollaczek M,(x;#, d). An
asymptotic formula for the zeros of the Pollaczek polynomial was first
given by Novikoff [9] in 1954, but the problem of finding the second term
in the asymptotic expansion of these zeros was settled only very recently;
see [2, 5]. In 1992, Ismail and Li [ 7] presented an upper bound for the
largest zero, and a lower bound for the smallest zero, of the Meixner—
Pollaczek polynomial, and also gave an upper bound for the largest zero
of the Meixner polynomial. More recently, Chen and Ismail [3] obtained
bounds for these zeros which are sharp for large n; see also [ 6]. As regards
the Charlier polynomial, practically nothing is known about its zeros.
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In this paper, we are concerned with the zeros of the Meixner polyno-
mial m,(no; B, ¢), where 0 <a < oo. First, let «,, ; denote its sth zero, counted
in descending order,

0<at, <0y o1 < -0 <0, <o, 1 < 00. (L.1)

We shall show that for each fixed s we have

an,s=1+§+61/6(11 +f —asvo(;) -2
- -

as n— oo, where a, is the sth negative zero of the Airy function Ai(x).
Next, let «, , denote the sth zero of m,(na; f, c), counted in ascending
order,

0<a, | <&, < - <&y g <&, ,<00. (L.3)

Clearly, we have

s = st 15 s=1,..,n (1.4)

We shall also show that for each s,

= + an exponentially small error. (1.5)

&, s

Numerical values of «, ; (see Tables 1-4) match closely the approximate
values obtained from (1.5).

2. BEHAVIOR OF THE LARGE ZEROS

To derive the asymptotic formula in (1.2), we first recall a uniform
asymptotic approximation of m,(no; 5, ¢) given in [8]. Let U(a, x) denote
the Weber parabolic cylinder function [ 10, p. 687], and put

Vo (x)=e*U(—n—1, x). (2.1)
Note that V,(x) can be expressed in terms of the Hermite polynomial; in

fact, we have Vn(x)=2_”/2Hn(x/ﬂ); see [11, p. 259]. Consider the
functions

G(w, o, ¢)=olog (1 —‘:> —alog(l—w)—log(—w) (2.2)
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and
2

P(u, ) = —logu-l-nu—%. (2.3)

Clearly, G(w, a, ¢) and ¥(u, n) have the saddle points

1+c+ac—oc+\/(l+c+occ—oc)2—4c
w, =
= 2

and

I E (2.5)

u, = > ,
respectively. In [ 8], it has been proved that the system of nonlinear equations

{G(W+,O(, C): lP(u_ﬂ?)‘l'%

Gw_,a,c)=Pu,,n)+y (2.6)

has a unique solution (#, y) for a >1— b, where
1 2
0 <b < min {, \/; },
21+ \/E

and furthermore, 2<y< oo when a, <a<oo and —2+J<n<2 when

l-b<a<a,, where
o :l—i—\ﬁ (2.7)
+ .
1—\/5

and ¢ is a positive number depending on b and c. Also, it has been shown
that the function v =u(w, ) defined by

Gw, o, ¢)=P(u,n)+y (2.8)

is one-to-one and analytic in the w-plane except possibly on the cut along
the positive real axis, and is bounded and analytic near the origin. Set

u dw
From (2.7), we have
h(u) = (c—w)u—u ) u—u_) (2.10)

(w—w_ ) w—w_)(1—w)f=V
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One of the two major results in [ 8] is the uniform asymptotic approximation

1
—= Vil /n) bo+e |, (211)
n

Jn

my(no; B, ¢) = (—1)" n"2e™ | V(5 /n) ag +
where

M N
e | <= IV /ml 55 1V /)] (212)

The constants M; and N, are independent of n and a for ae[1 —5b, M],
and M can be any fixed large number. The coefficients «, and b, are given
explicitly by

ao:u_h(u+)—”+h(”—)’ (2.13)

U_—u,

bo:w. (2.14)

u_—u,

From the asymptotic behavior of the parabolic cylinder function given
by Olver [10], it is readily seen that

1
V(1 /n) ao+ﬁ Vi(n /) b

has no zero when #>2 and n is sufficiently large; see also the asymptotic
formulas of V(7 ﬁ) and V' (y ﬁ)/ﬁ given in [8, Section 6]. (Since
n =2 corresponds to a >a, , we can conclude that m,(na; §, ¢) has no zero
when o > a . and » is sufficiently large; cf. [ 7, Theorem 6].) We may there-
fore restrict ourselves to the case # <2. Let us now consider the behavior
of V,(n ﬁ) and V(n ﬁ) when n*3(57 —2) is bounded and does not tend
to zero; i.e., there exist positive numbers p and J such that —p <n?*3(n —2)
< —¢. It will be seen later in this section that it suffices to establish (1.2)
under these restrictions. From [ 10, pp. 152-153], we have

1, - 173 ¢y
U =32t /2)=2 /a5

X [Ai(u*) + Ai'(u*0) = *PBo(O)]-[14 O(u=)]
(2.15)
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and

—1/4
o (b mnnan ()

X [Ai" () + Ai(u*P) = *PCy(O1- [ 1+ 0(u™*)]
(2.16)

as u — + oo, uniformly with respectto t> —1+0o> —1 (see [ 10, p. 158]),
where

203221y ST —Log(t+./P—1),

(2.17)

g(p) = 2~ (WA= (1) 12 (112 2 =2 | 4 O(u—2)], (2.18)

{PBo(0) = — 25 (£ = 61)(12 — 1) 72 — 35 (732, (2.19)

TIRCHE) = — 5 (P4 60)(2 = 1) P Jr (2.20)
From (2.19) and (2.20), it can be shown that

Bo({) ~ — 5552 and Co({) ~ — 552783, as -1+, (2.21)

Let

n
=/ = ) 222
2n+1 and t=n@ it ( )

It is easily verified that
t—1=in-2)+0(n""), as t—-17*. (2.23)
Since n?3(n —2) is bounded, it follows that
t—1=0(n=3), as t—-17*. (2.24)
Combining (2.17), (2.23), and (2.24) gives

(=2"3(t—1)+ O((t—1)*)=0(n=?"), (2.25)

C 1/4
<ﬁ1> =276 4 O(n=2P), (2.26)

and

WP =nP (g —2) + O(n~17). (2.27)
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Substituting (2.26) and (2.27) into (2.15) and (2.16), we obtain

U(—3p% ut J2) = /21 e =D+ WOL 4i(n3(5 —2)) + O(n~"7?)],

(2.28)
—3p2 pt \/2) =/ 2m e TP+ O] 41" (n?P(n —2)) + O(n )],
(2.29)

From (2.1), it follows that

Viln /n) = /27 "D = UDIOR WO (1255 — 2)) + O(n =),
(2.30)

71//(,7\[ 2 P =22+ (116) | (23 (g 2))2+0( =13,

(2.31)

as n— oo and n*3( —2) bounded (y <2). We may therefore rewrite (2.11)
in the form

m,(no; B, ¢) = (—1)" n"*+WOem /27 "(rP4) = (1/2))
X[Ai(n2/3(77—2)) <a0+Zb0>+82} , (2.32)

where by (2.12)
e=0n""})+0(n"")=0n"13). (2.33)

Note that from (2.5), we have

n_/n’—4

a0+zb0~a0+<2 2

>b0=a0+b0u, as 27,

Hence, on account of (2.13) and (2.14), we get

ao—i—gbo~u_h(u+)_u+h(u_)+h(u_)_h(u+)u,=h(u,),
2 Uu_ —u, U_ —u,

which in turn yields

a0+gb0 ~ V51 +\/E)(2/3)7/5’ (2.34)
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by using (2.9). It is now evident that a, + (#/2) by 0. Therefore, (2.32) can
be further rewritten as

m,(no B, ¢) = (—1)" "+ WOem /27 on(Cr/H)—(1/2))
x<ao+’27bo> [A,(n*3(1—2)) +&,]. (2.35)

The asymptotic approximation in (1.2) is obtained from (2.35). To do
this, we first recall the following result of Hethcote [4]:

LemMmAa 1. In the interval [a—p, a+ p], suppose f(t) = g(t) +&(t), where
f(t) is continuous, g(t) is differentiable, g(a) =0, m =min|g'(t)| >0, and

E=max|e(1)] <min{|g(a—p)l, [g(a+p)l}. (2.36)

Then there exists a zero ¢ of f(t) in the interval such that

E
lc—a] <=. (2.37)
m

We next study the behavior of #, when « is given by

1 )
oc=oc++n_2/3a=1+\ﬂ+n_2/3a, (2.38)
—Je

where a is a bounded real parameter independent of n. Substituting (2.38)
into (2.4), we have
w,=—Jc+c"1—c)?a'Pn='"B 4+ byn 2P +byn='+ O(n=*?),

where b, and b; depend on a but are independent of n. With this value
of w,, (2.2) gives

1 2
= — ;alogc—§(1+\/g)_l/2

x ¢~ V4(1 —ﬂ)m an= + 0O(n=*?).

G(W+9 aa C)

In the same manner, it follows that

1 2
Gw_,a,c)=— —;alogc+§(l+\/g)—1/2

x e V(1= /e) 2 a*Pn=t + O(n=*P),
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Subtracting the two equations in (2.6) and using the above values of
G(w,,a c)and G(w_,a, c), we obtain

.l;

- 1+\/ —12 —1/4 ﬂ)3/2a3/2n_1+0(n_4/3)

2<1og’7 \/2’7 4+’7*/Z 4>. (2.39)

L»J

On the other hand, inserting (2.22) into (2.17) yields

2., 1
¢ )

—/n?—14
{1og’72’7+zm} LO(m—*P).  (2.40)
Coupling (2.39) and (2.40), we get

%Cm:%(l +\ﬂ)—1/2 C—1/4(1 _\ﬁ)s/z a3Pn— 4 O(n_4/3).

y (2.23) and (2.25),
(=27P(n-2)+0(n")
and hence
P —=2)=(1+/c)" B e —Je)a+0n="7),  (241)

when a is given by (2.38).

THEOREM 1. Let a,, ; be the sth zero of the Meixner polynomial m,(nex; f, ¢),
arranged in descending order given in (1.1), and let a, denote the sth negative
zero of the Airy function Ai(x). Then

1 1/6 1 N 1/3 1
%, = li% (1 jﬁ) n“;/3+ %) <n> (2.42)

as n— oo; ie., formula (1.2) holds.

Proof. From (2.35) and (2.41), we have
m,(no f, ¢) = (— 1) n+ WS /oy ontr4)=1/2) <a0 1 bo>
n 2 b 2

) {AI[(1+/e)™"2 e V5(1 — Je) a] + &}, (2.43)
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where
§=0(n~"%)  uniformly in « (2.44)

and « is given in (2.38). Let

—1
f(O() — ( _ 1)n n—n—(1/6), 7'”’(27[) —1/2 en((l/2)*(1ﬂ/4)) (aO —|—g b0> mn(noc; ﬁ, C),

1
g(oc)zAi[(1+\/;)1/3C1/6(1_\/;)<a_1i\\/[‘£>n2/3}

and g(a) =& Then (2.43) becomes
S(o) = g(a) +&(a).

Note that for « given in (2.38), we have min|g'(a)| = cn
Formula (2.42) now follows from Lemma 1. ||

2/3 for some ¢ > 0.

Remark 1. Recall that in the derivation of (2.30) and (2.31), we have
restricted ourselves to the case in which # <2 and n*3(y —2) is bounded
away from zero. Since «, is negative for all s=1, 2, ..., it is readily seen from
(2.41) that this restriction is reasonable.

3. UNIFORM ASYMPTOTICS NEAR a=0
To state the other major result in [ 8], we consider the functions
w
F(w, a, c)=oclog<1—>—oc10g(1—w)—logw (3.1)
¢

and
D(u, ) = —alog u+nu—Lu> (3.2)

The saddle points of F(w, a, ¢) and @(u, ) occur at

1+c+occ—oci\/(1+c~|—occ—oc)2—4c
W, =

. : (33)

and
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respectively. In [8], it has been established that the system of nonlinear
equations

{F(1v+,oc, )=P(uy,n)+y (3.5)

Fw_,a,c)=D(u_,n)+7y

has a unique solution (7, y) for 0 <a <1+ a, where

O<a<a,—1= 2\/2 ,
-

and furthermore that » < —2\/; when 0 <a<oa_ and —2\/&<;7<
Zﬁ—éo when a_ <a<1+a, where

l—ﬂ
— .6
- 1+\/E (3:6)

and J is a positive number depending only on the values of @ and ¢. It has
also been proved that the function u =u(w, a) defined by

o

F(w,o, c)=®(u,n)+y (3.7)

is one-to-one and analytic in the w-plane except possibly on the cut along
the negative real axis, and is bounded and analytic near the origin. As in
(2.9) and (2.10), we again set

u @_ (c—w)u—u ) u—u_)
(I—w)fdu (w—w, ) w—w_)(1—w)f~V

h(u) =
The second major result in [8] is the uniform asymptotic approximation

; m,,(noc; ﬁa C)

1

1 ’
:mn 20 {Wn(\/;ﬂ)ao'i'\/,; W(\/I;n)bo-i-é‘l . (3.8)

where

W (x)=e*U(—na— 1L, x) (3.9)

and

M N
e | <= I/ n) 455 W) (3.10)
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The constants M, and N, are independent of n and ae[e 1 +a], and ¢
can be any fixed small number. The coefficients a, and b, are given explicitly
by

ao:u,h(m)—mh(u*), (3.11)

U_ —u,

bﬁ%. (3.12)

In this section, we shall show that the approximation (3.8) actually holds
uniformly for 0 <a<1+a; ie., the constants M; and N, in (3.10) are
independent of a€ (0, 1 +a]. First, we need the following result.

LemmaA 2. Let (n,7) be the unique solution of the system of nonlinear
equations (3.5) for 0<a<1+4a. As a— 0%, we have

n=—(—2logc+2uxloga)’?+ O(x) (3.13)
and
y=o[log(l —c)—logc—3log2—3log(—logc)] + O(a?). (3.14)

Proof. From (3.3), we have

2

+ O(o?)

w+:1—oc—1_c

and

2

+0(a3).

w_=c+cou+
l1—c

Substituting these into (3.5) yields

—ocni—|—oc<l +log C>—oc10goc+0(oc2)

2

=—oclogu++;7u+—u7++y (3.15)

and

ani —log ¢ —a[ 1 +log(1 —c¢)] +alog a + O(a?)
2

=—alogu_+nu_ —7*+y.
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Subtracting the last two equations, we get

}

Hi VI~ /n (3.16)

n—/n—4

10gc—2<xlogoc+oc{2+log

= —alog

We claim that # is bounded away from zero as « approaches the origin.
We shall prove this by contradiction, and hence assume that there exists a
sequence of positive numbers «,, tending to zero such that its corresponding

values 7,, satisfy

1
——<n,<0. (3.17)
n

Since 0 <a <a_ corresponds to —oo << —2 ﬁ, (3.17) implies

U <45 (3.18)

From (3.16), we have

log ¢ + O(a,, log a,,)

=%, 10g(40(,n) 720('11 log( /P aV ;73740(}1) + %nn \/ ’7i*4°‘n- (319)

For sufficiently large n, the left-hand side of (3.19) is in absolute value
greater than }|log ¢|. On the other hand, by (3.17) the right-hand side of

(3.19) is dominated by

1
&y, |10g(40('n)| +2O(n |10g(_’7n_ V ’7%_40(%)' +ﬁ

Therefore, o, [log( —7, — /172 —4a,,)| is bounded away from zero as n — oo,
that is, there exists a constant K> 0 such that

K
llog( —n, — /12 —4a,)| 20(—241012; see (3.18). (3.20)

We shall now show that this is impossible. First we note that

4a,,
[log(—n,— /15— 4a,)| < |log(—7,)| + 10g<1— 1— e > :

(3.21)
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Next we observe that since 77, < —2 \/a,,, we always have «,, < (1/4) 2 and
hence log «,, <2 log( —17,), i.e.,

[log a, | > 2 [log(—1,)|. (3.22)
If o, /72 #0, then the second term on the right-hand side of (3.21) is bounded
as n— oo. From (3.20) and (3.21), it follows that

K 1
<5 llog o, [+ O(1),

%y

which is impossible. If «,, /72 — 0, then the second term on the right-hand
side of (3.21) is equal to

2, 202
1og<,70(2"+ a4”+"'>:1°g2+10g°‘n—21°g(_’7")

2
+1og{1+°‘;+0<°";>]
7]” ]7”

Thus, from (3.21) and (3.22), we obtain

log(—n,—/n;—4a,) = O(log a,,),

which again contradicts (3.20). Therefore the assumption that there exists
a sequence 7, tending to zero (see (3.17)) is incorrect, and our claim is
established. Let d be the negative number such that —oo <y <d for all
sufficiently small a > 0. Equation (3.16) then gives

(1—c)?
¢

logc—Zoclogoc—i-oc{Z—i-log }+0(o¢2)

2

= —alog o+ 2« 10g(—77)—%+oc+ O(a?);

see the argument for (3.19). This, in turn, yields
n=—(—2logc)"?+ O(alog a) as a—07,

or, more precisely, (3.13). The asymptotic formula (3.14) is obtained by
substituting (3.13) into (3.15). This completes the proof of Lemma 2. ||

We now return to the approximation (3.8). To show that (3.8) in fact
holds uniformly for a € (0, 1 + a], we must show that the constants M, and
N, in (3.10) are independent of « in (0, I +a]. Since (3.10) has already
been established for ae[e 14+ a], ¢>0, we need consider only the case
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when « is sufficiently small. Let us divide our discussion into two separate
case: (i) «=o0(1) but na is unbounded, and (ii) na is bounded.

In case (i), n*3(y* —4a) is unbounded, as n — oo, by virtue of (3.13). In
case (ii), we also have a =0(1) and, as a consequence, 7 is bounded away
from 0 and n*3(»*—4a)— co. Hence, both cases are subsumed under
case (I) in [8, Eq. (6.36)]. Therefore, as in [8, Eq. (6.37)], we obtain

1 I'(no+1)

SINZ \/2?

p a2 = (2) (2 4oy~ 1A nOr/4) +(/2)

% {Bn(—a10g((—f7+«/nz—4m)/2)—(17/4)x/ﬂ2—4<x)[ —2 sin(onm) hy(u_)]

_ 2 —1/2
v < n+/n"—4x 4 on(—10g((—n —~/1 —400/2) + (n/4) /n? — 4a)
2

x [2 cos(anm) hy(u, )] <_’7_2’72_4“>U2} (3.23)

(The only difference between this result and (6.37) in [8] is that here we
have not applied Stirling’s formula to I'(na + 1). This is because no is bounded
in the present case.) Since

—alogL M—gﬂz —Z % — 4o+ O()
and
—oclog_n_— ‘2;72_“()(4—%\/772—7%(:%\/7@—% O(olog o)
as « — 0", from (3.23) it can be shown that
g =0 <1 n(na/2)(1/2)e(n/2)ﬂ2>. (3.24)
n

On the other hand, we have from [ 10, p. 133]
U(Cl, —Z) — e—in(a+(1/2))z—a—(l/2)e—(1/4) 22[1 + O(|Z| —2)]

2n 2
a—(1/2,0/4 20 1 1 O(12]=2)1.
R P 0l )
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With = —na— 3 and z= —ﬁ}y, we obtain from (3.9)
(1 3/n) = f T(noc+ 1) n= 02 = A2) 2y 2y —no—1

x [sin(nom) + O(n™+ 1=/ 7%)] [ 1+0 <,11>] . (3.25)

where use has been made of the identity I'(x) /(1 — x) =n/sin zx. In view
of the recurrence relation

Ula,z)=3%zU(a,z)— Ula—1, z),

we also have

7 nf)——ff(noc—i—l)n (no/2) — (1/2)e(n/2>n( n)fmx

x [sin(nor) + O(n™+(12e =2 %) ] { 1+0 <’11>} . (3.26)

Since W,(x) and W)(x) do not have common zeros and na is bounded, a
combination of (3.24), (3.25), and (3.26) establishes the validity of (3.10),
uniformly for « near the origin; i.e., the constants M, and N, in (3.10) are
independent of n and e (0, ¢], ¢>0.

4. BEHAVIOR OF THE SMALL ZEROS

Substituting (3.25) and (3.26) into (3.8), we obtain

x[(— be) sin nom +E][ 1+ O0(n~"], (4.1)
where
F= O(nnoc+(1/2)e—(n/2)nz). (42)

This result holds uniformly in «, as long as na is bounded. Let «, ; denote
the sth zero of m,(na; f5, ¢), counted from the left; see (1.3). An asymptotic
approximation for the zeros «, ; will be derived from (4.1)-(4.2) by using
Lemma 1. Before proceeding, we first recall the following well-known result
[12, p. 44].
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LEMMA 3. The zeros of the Meixner polynomial m,(x; f, c) are real,
distinct, and lie in (0, c0).

Returning to (4.1), we let

1 1/2
f(O() <I’l77,'> e—ny—(n/2)n2(_’7)noc+l

n!\ 2
xm,(no; B, ¢)(—ag—nbo) "' [1+0(n~")]7", (4.3)
g(a) = sin naz, and
e(a) =& = O(n™+ (1P =2 (4.4)
so that (4.1) becomes
Slo) = g(a) + (). (4.5)

Since 7 is negative and bounded away from zero, we have

2
_Jrr—4
N g+ bou_ = h(u_) (4.6)

ag+nby ~ay+ > )

Using the equation preceding (3.8), it can be shown that

—(—2logc)? < o >1/2

c(1—c)* l—«a

hu_) ~ (4.7)

Since na is bounded, by Lemma 1 we obtain the following anticipated
result.

THEOREM 2. Letd,  be the sth zero of the Meixner polynomial m,(nx; f, ¢),
arranged in ascending order given in (1.3). We have

By o= L Ot 0PI (48)
n

n,s

as n— oo, where d is a constant.

It is interesting to note that the first term on the right-hand side of (4.8)
is independent of the parameters f and ¢. However, we should bear in
mind that this formula is valid only when # is sufficiently large. Tables I
and II show excellent agreement between the numerical and approximate
values of «, , when =125, ¢=0.25, and s is small. On the contrary,
Table IIT gives a very poor comparison when =35, ¢=0.75, and n =30,
but the comparison improves when n becomes bigger. Table IV shows that
an agreement is reached in this case when n =150.
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TABLE 1

Values of &,  When =125, ¢c=0.25, and n=10

K Numerical values

Approximate values

1 0.12610215x 103
2 0.10016500
3 0.20368203

0
0.1
0.2

TABLE 1I
Values of «,  When =125, ¢=0.25, and n=20

s Numerical values  Approximate values
1 0.14590754 x 10~ 0
2 0.50000000 x 10! 0.05
3 0.10000013 0.1
4 0.15000677 0.15
5 0.20015030 0.2
TABLE 111

Values of @, ; When =35, ¢=0.75, and n=30

s Numerical values  Approximate values

1 0.46487151 x 1072 0
2 0.58457839 x 10! 0.03333333
3 0.13167135 0.06666666

TABLE IV
Values of &,  When =5, ¢=0.75, and n=150

s Numerical values  Approximate values
1 035763984 x 10~ 14 0

2 0.00666666 0.00666666

3 0.01333333 0.01333333

4 0.02000000 0.02

5 0.02666683 0.02666666
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The result in Theorem 2 can be strengthened to allow s to depend on .
Indeed, it can be shown that for any fixed 0 <e <o _, there exits a positive
number «, depending on &, such that

1
oz,“:sn +O0(e™™), as n— o, (4.9)

for s=1,2,..,y+1, where y=[n(a_—¢)].

To see this, we now let s grow with 7z since (4.9) has already been estab-
lished in Theorem 2 when s is fixed. First, we recall the results (6.38) and
(6.39) given in [ 8], namely,

W(f;y — pr/2gne+(1/2) n((n?/4) - (oc/2))( o) 1/4

% {—Z(Sin ann) M~ 108((—7+~/n? —40)/2) — (5/4) /1 — 4o0)

—1/2
( L > [1+0(m")]

+ (cos amn) e n(—alog((—n —~/m?—4)/2) + (7/4) /7* — 4a)

x<_’7_ ! _4“>1/2[1+0(n-1)]} (4.10)

X

and

W;t(\/’;ﬂ fn"“/2 na o+ (1/2) pn((7°/4) = (“/2))( 4a)_1/4
X{Z sin azn) e~ los((— —n+~/17 —40)/2) — (n/4) /2 — 4a)
+ 4o
< (= W) [1+0(")]

—(c0s azn) e~ 108((—n =/ —40/2) + (/4) /o7 — 40

o 2 1/2
x<’72’74“> [1+0(n1)]} (4.11)

as n— oo; see also [ 10, p. 157]. These results hold uniformly with respect
to « as long as = O(1) and noa — oo. (Note that we have now let s grow
with n.) Next, we set

—n+./n*—4
lf—“(oc)E—aloghfna$g1/#—4a+alog\/&. (4.12)
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We shall show that for «e(0,a_ —e&], there is a positive number ¢,
depending on ¢ and ¢, such that

ht()>e, and  h—(a) < —e. (4.13)

If a=0(1), then y > —./ —2log ¢ by Lemma 2. Hence

n 1
h+(°‘)”2” —Elogc>0. (4.14)
If a is bounded away from zero, then we may without loss of generality
assume o€ [¢ a_ —¢]. By introducing the new variable t = —7/2 \/&, we
have
h*(a)=af —log(t+/1>— 1)+ 1/ — 1] =ak(1). (4.15)

For e<a<a_ —e¢, it can be found in the proof of Theorem 2 in [8] that
there

exists a positive number J,, depending on ¢ and ¢, such that y < —2 \/& —Jp.
Hence, there is a positive number o, depending on ¢ and ¢, such that 1> 1 +a.
Since k'(t) =2 /> —1 >0, we obtain from (4.15)

ht(o)=ek(t)=ek(l +0)=¢, (4.16)

for ae[e, a_ —e]. The first inequality in (4.13) now follows from (4.14)
and (4.16). In view of the identity 2~ (o) = —A*(a), the second inequality
in (4.13) is also proved.

By using (4.13), we obtain from (4.10) and (4.11)

Wo(/nn)
—1/2
= _Dp"2y noc+(l/2)en((n2/4) (oc/2))(’7 —40( —1/4< ’7+\/7>

X [1 4 O(n=")] "~ 108 =n+/7 —4a)/2) — (n/4) /o — o)
x {sin nmo+ O(e 20" . o ~112)} (4.17)
and
Wi(/nm)

_ 2 _ 1/2
= 2D+ (1/2) g+ (1221 = @/20) (2 4y =1/ < nt\n 4“>
2

X [1 4 O(n=")] en—108(—n-+/7F—=a2)/2)— (i) /o =0
x {sin nma 4+ O(e ="}, (4.18)
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respectively. Substituting (4.17) and (4.18) into (3.8) gives

; m,,(noc; ﬁa C)

20"
= m enyanot+(1/2)en((r72/4)7(u/2))(,72 _ 40() —1/4 [ 1+ O(n 71)]

. 2 —1/2
¢ @~ 108((—n+ /= 4)/2) = (/4) /2 — 40 < /A 4°‘>
2

— /n? — 4
x[ —ay+ b, <;7+;7<x>} {sin nmo + O(a =12 =2%0m)}

2
(4.19)

as n— oo, uniformly for 0 <a<a_ —e. In view of (4.6) and (4.7), it is

Ie

adily seen that (4.19) yields an equation similar to (4.5), thus establishing

(4.9).
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